SIMPLY TYPED A-CALCULUS
1 Simply typed A-calculus

1.1 Syntax

1.1.1 Types

type : type.

nat : type.
u—u : type — type — type.

1.1.2 Terms

term : type.

0 : term.

rec : term.

U & ident — term.

uu - term — term — term.

Autu.u ¢ ident — type — term — term.
let :7=wint = (Az:7.8)u.

rec(tl, tQ, tg) = (rec tl t2 tg).

1.1.3 Contexts

cxt : type.

{} : caxt

Usuty : cxt — ident — type — cat.
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1.2 Lookup

u:u€y : ident — type — cxt — type.

————— [lookup 1]
zvrel x:r -

v:Tel x#a’

[lookup 2]
rv:rel a7/ -

1.3 Typing judgment
uFuiy ¢ cxt — term — type — type.

TFO:nat [of _zero]

I'trec:nat > 7— (nat >7—7)—>7 [of rec]

z.Tel
N

[of _var]

Do:rht:7/
Xzttt —71

7 [of _lam]

I'Htiir—=7" T'ktaT
FktthZT/

[of _app]

1.3.1 Derived rule for the rec macro
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I'Ftinat A Tkt A Thitg(nat—7—7) = TlFrec(ty,tats):T : type.

Dof1
I'Frec:nat —»7— (nat >7—7)—>7 lof_red - TF t1:nat Do,
Pkrecti:T— (nat—>7—7)—>7 [of_app) I'Hto: T Dot
Do, Dot, /\ Dot N Ikrectite: (nat—>7—7) =7 lof_app] Ikt (nat —>7—7) .
T'Fti:nat ThHtyr IHts: (nat—>7—7) TFrec(ty, to, t3): T

%mOde +Dof1 /\ + Dofg /\ + Dofg = - Drec
%worlds () Doty A Doty N Doty = Drec
%total { } Dofl /\ D0f2 /\ D0f3 =  Drec
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\section{Simply typed $\lambda$-calculus}

\subsection{Syntax}

\subsubsection{Types}



{\metadecl{{\tp}}{{\metatype}}}



{\metadecl{{\nat}}{{\tp}}}

{\metadecl{{\arrow{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tp}}{{\metaimp{{\tp}}{{\tp}}}}}}}



\subsubsection{Terms}



{\metadecl{{\tm}}{{\metatype}}}



{\metadecl{{\zero}}{{\tm}}}

{\metadecl{{\rec}}{{\tm}}}

{\metadecl{{\tmvar{{\metawildcard}}}}{{\metaimp{{\ident}}{{\tm}}}}}

{\metadecl{{\app{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\tm}}{{\tm}}}}}}}

{\metadecl{{\lam{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\ident}}{{\metaimp{{\tp}}{{\metaimp{{\tm}}{{\tm}}}}}}}}}



{\metaabbrev{{\letv{x}{{\tau}}{u}{t}}}{{\app{{\metaparen{{\lam{x}{{\tau}}{t}}}}}{u}}}}

{\metaabbrev{{\recm{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}{{\metaparen{{\app{{\app{{\app{{\rec}}{t\tmrsub{1}}}}{t\tmrsub{2}}}}{t\tmrsub{3}}}}}}}



\subsubsection{Contexts}



{\metadecl{{\cxt}}{{\metatype}}}



{\metadecl{{\cxtempty}}{{\cxt}}}

{\metadecl{{\cxtcons{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\cxt}}{{\metaimp{{\ident}}{{\metaimp{{\tp}}{{\cxt}}}}}}}}}



\subsection{Lookup}



{\metadecl{{\lookup{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\ident}}{{\metaimp{{\tp}}{{\metaimp{{\cxt}}{{\metatype}}}}}}}}}



{\metadefn{{\metarule{}{{\lookup{x}{{\tau}}{{\cxtcons{{\Gamma}}{x}{{\tau}}}}}}{lookup\_1}}}}





{\metadefn{{\metarule{{\metahyps{{\lookup{x}{{\tau}}{{\Gamma}}}}{{\identneq{x}{x'}}}}}{{\lookup{x}{{\tau}}{{\cxtcons{{\Gamma}}{x'}{{\tau}'}}}}}{lookup\_2}}}}



\subsection{Typing judgment}



{\metadecl{{\typing{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\cxt}}{{\metaimp{{\tm}}{{\metaimp{{\tp}}{{\metatype}}}}}}}}}



{\metadefn{{\metarulezero{}{{\typing{{\Gamma}}{{\zero}}{{\nat}}}}{of\_zero}}}}



{\metadefn{{\metarulezero{}{{\typing{{\Gamma}}{{\rec}}{{\arrow{{\nat}}{{\arrow{{\tau}}{{\arrow{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}{{\tau}}}}}}}}}}{of\_rec}}}}



{\metadefn{{\metarule{{\lookup{x}{{\tau}}{{\Gamma}}}}{{\typing{{\Gamma}}{{\tmvar{x}}}{{\tau}}}}{of\_var}}}}





{\metadefn{{\metarule{{\typing{{\cxtcons{{\Gamma}}{x}{{\tau}}}}{t}{{\tau}'}}}{{\typing{{\Gamma}}{{\lam{x}{{\tau}}{t}}}{{\arrow{{\tau}}{{\tau}'}}}}}{of\_lam}}}}





{\metadefn{{\metarule{{\metahyps{{\typing{{\Gamma}}{t\tmrsub{1}}{{\arrow{{\tau}}{{\tau}'}}}}}{{\typing{{\Gamma}}{t\tmrsub{2}}{{\tau}}}}}}{{\typing{{\Gamma}}{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{of\_app}}}}





\subsubsection{Derived rule for the rec macro}



{\metadecl{{\recderived{{\typing{{\Gamma}}{t\tmrsub{1}}{{\nat}}}}{{\typing{{\Gamma}}{t\tmrsub{2}}{{\tau}}}}{{\typing{{\Gamma}}{t\tmrsub{3}}{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}}}{{\typing{{\Gamma}}{{\recm{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}{{\tau}}}}}}{{\metatype}}}





{\metadefn{{\metarulezero{}{{\recderived{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{1}}{{\nat}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{2}}{{\tau}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{3}}{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}}}{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metarule{}{{\typing{{\Gamma}}{{\rec}}{{\arrow{{\nat}}{{\arrow{{\tau}}{{\arrow{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}{{\tau}}}}}}}}}}{of\_rec}}}{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{1}}{{\nat}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}}}{{\typing{{\Gamma}}{{\app{{\rec}}{t\tmrsub{1}}}}{{\arrow{{\tau}}{{\arrow{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}{{\tau}}}}}}}}{of\_app}}}{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{2}}{{\tau}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}}}{{\typing{{\Gamma}}{{\app{{\app{{\rec}}{t\tmrsub{1}}}}{t\tmrsub{2}}}}{{\arrow{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}{{\tau}}}}}}{of\_app}}}{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{3}}{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}}}}}{{\typing{{\Gamma}}{{\recm{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}{{\tau}}}}{of\_app}}}}}{\&}}}}





{\metamode{{\recderived{+{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{+{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{+{\mathcal{D}}\tmrsub{of\tmrsub{3}}}{-{\mathcal{D}}\tmrsub{rec}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\recderived{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}{{\mathcal{D}}\tmrsub{rec}}}}}

{\metatotal{{\metabraces{}}{\hspace{1em}}{\recderived{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}{{\mathcal{D}}\tmrsub{rec}}}}}
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