FIRST SIMULATION (COMPLETENESS)

1 First simulation (completeness)

1.1 Syntax

1.1.1 Index, indices and tables

%datatype index
%name index n «

n == 0
| n+1

%datatype wvector
%name vector T

Z == ]
| nuZT

%datatype table
Y%name table I,

Z, == ]
| =17,

1.1.2 Term

%datatype term
%name term t

t n=on
| tito
| At
| catcht
| throwat

Remark. Syntax of safe A.-terms:

t = n

tita

At

get-context ¢
set-context ot

1.2 Subtraction

%judgment ni - ns=ns

ny—0=mn [minusi]

(n1+1) = (n2+1)=ng [minusa] hen  ny < no=ns

Y%mode +4ni - +no=-—ns
%worlds () ni1--ng=ns
%terminates (n1) ni--no=ng
Y%unique +nj; = +ns=—1ng

1.2.1 Fetch (indices)
%judgment Z(ni)=mns

(n::T)(0) = n lfetehi]
(n:Z)(ni+1)=nq [fetchd]  yhen Z(n1) =ns
Y%mode +Z(+n1)=-—ns
Y%oworlds () Z(ni)=ns
Y%terminates n; Z(ni)=no
Y%unique +Z(+n;)=—1ny
1.2.2 Fetch (table)

%judgment Z,(n)=T
(T=2,)(0) =7 L]

fetchg“]

(I’::IM)(a—i—l):I{ when ZT,(a)=T

Y%mode +Z,(+a)=-7
%worlds () Z,(a)=T
Y%terminates o Z,(a)=7
Y%unique +7,(4+a)=-17

1.2.3 Compute
%judgment nj -~ Z(ng)=ns

n=I(l)=glomputel  yhen T()=k, n-k=g

%mode +nj— +Z(+n2)=—n3
%worlds () ni--Z(n2)=ns
%terminates {} ni;-—Z(n2)=ns
%unique +nj -~ +Z(+n2) =—1ns

1.3 From local indices to global indices
%judgment J,i’z“(tl)ztg

() =g il when n=Z()=g

J,,ll—,I“(t U) —t'u {2 when \Li’l—“(t) = tl, \Izi,zu(u) =u'
VETAM) = A Wl when (D Te() = ¢
J(i*zﬂ(get-context t) — catch t/ B4 when ii(l—:: I“)(t) —¢

12T (set-context a t) = throw at’ ¥ when T,(a)=T', X" (t)=t'

Y%mode |11 ()= —t/
Y%worlds () ii’z“(t) —
%terminates t |-7t(t)=1t’

Y%unique J,ii () = —1¢/

tl

1.3.1 Closure, environment and stack

%datatype clos Y%mname clos c
%datatype c-env Y%name c-env &
%datatype k-env  Y%name k-env &,
%datatype stack  %name stack S

c u= (t,&,¢&)
E == ()

| (¢€)
5# = ()

| (S§€u)
s w= |

| ¢=S8

%datatype state
%name state o

o u= (t,£,&,,S)

1.4 Judgments

1.4.1 Fetch a closure
%judgment E(n)=c

(c:£)(0) = e Hetem]
(¢;E)(n+1)=clletehl yhen En)=c
Y%mode +E(+n)=—c

%worlds () &(n)=c

Y%terminates £ E(n)=c
%unique +&(+n)=—1c

1.4.2 Fetch a stack
%judgment E,(n)=38

(8:€,,)(0) = ffevent]

(85E)(n+1) =8 tehil  yhen £,(n)=8
Y%mode +E&,(+n)=-8
%worlds () Eu.(n)=S

%terminates &, &,(n)=S
Y%unique +E&,(+n)=-1S

1.4.3 Evaluation rules

%judgment o1~ 09

(k,E,E.,8) ~ (t,E, &L, S) v when E(k)=(t,E,EL)
(tu),E,Eu,8) ~ (t,E,E, (u, E,E,) = S) [k-app]

(A E EpycS) = (L, (6 E), E,, S) leabs]

(catcht,E,E,,8) ~ (t,£,(S;E,),S) [keateh]

(throw at,&,&,,8) ~ (t,€,€,,8") llc-throw] b o Er(a) =8

Y%mode 401~ —09
%worlds () o1~ 02
Y%unique +o07~ —10g

1.5 Abstract machine for safe A -terms

1.5.1 Syntax

%datatype clos

%datatype c-env
%datatype k-env
%datatype stack
Y%name clos ¢

%name c-env &
Y%name k-env &,

%name stack S

¢ u= (t,n,1,1,,E,E,)
E u= O ]
| (&€)
gﬂ = ()~ }
| (S?gu)
§ e
| ¢:8

%datatype state
%name state &

o = (t,n7I7Iwg75~u75~'>

1.5.2 Fetch a closure
%judgment & (n)=¢é

(57 N)(o) —¢ [i-fetchq]
(¢ E)(n+1)=¢ lifetehzl  ypen E(n)=¢

%mode +E&(+n)=—
%worlds () &£(n)=

Y%terminates £ &(n)=
%unique +&(+n)=-1¢

D

¢

1.5.3 Fetch a stack
%judgment E,(n)=8



SECTION 4

(37 H)(O) :g [i-fetchf]
(Sl;gu)(n—i-l):g[i'femhg] when gu(n):S

%mode +&,(+n)=-8
Y%worlds () £,(n)=S8

%terminates &, E£.(n)=S

%unique +E,(+n)=—18

2 Evaluation rules
%judgment Gy~ 5o
(,n,T,Z,,€,€,,8)~ (t,n, 1", 7], £, S) ivar]
when n=I()=g, g(g)z(t,n’,I’,I@,é’,éﬁ)
((tu),n, 7,74, €,E,8)~ (t,n, T, Ty, €, Epy (uyn, I,L,,E,E,) = S ) Bovp]
M1, T, T, £ 60,2 8) o (bt 1, (n+1:1), T, (6:€),E,,8) [ab
(get-context t,n,Z,Z,,,E,E,,S)~ (t,n,T,(T:1,),E, (Svgu)»‘§> [i-catch]

(set-context at,n,Z,Z,,E,E,,8)~ (t,n, T, T,,E,E,,S') lithrov]
when T, (o) =1', éu(a):g’

%mode +01~ —02
Y%oworlds () o1~ 02
%unique +o1~ —10

3 Translation

%judgment c*=c
%judgment S*=38
%judgment E£*=¢
%judgment £, =&,

(t7nvz7zu7g,gu)*:(u,g,gu) [clos™] when \L%L—7l-“(t):’Ll,7 SN*:E,’, gu*:(fu

[]* _ H [stacki]

(5::3)*20::S[StaCk5] when ¢*=c, S$*=8

()* — () [c-envi]
(5;5)*:(0;8) [cenvi]  yhen éx=c, E*=E

%worlds ()

¢*=c
S*=S§
Er=¢
Er=E,
%unique
+cr=-1c
+8*=-18
+& =-1&
+E=-1&,

%judgment 6*=0
<t7n,I7Img,gm‘§>*: <u,g,gu78> [state*]  )hen (t,n,I,IN,gf’gu)*: (u75,gu), S*=8

%mode +7*=—0o
%worlds () ¢*=o0
Y%unique +d*=-—10

4 Completeness

%lemma g‘* =& A 5(7L) —c = £ (TL) =¢ A ¢&*=c fOT some ¢ [fetch-complete]

Proof.
[&1]
D11 )
¢*=c E*=¢ ~ . D
c-env’ . — - [fetchy] o _ 7~ [i-fetchq] 11 [fetch-complete]
(EE)*=(¢€) [eemi] A (@E)O) =T = (&GE)(0)=¢ REREA F
D12 Dy 2 Ds [fetch-complete]
Ex=¢ 4 En)=c = E(n)=¢ NoE—e o
D12 Dy Dy 2]
Shk ol g*:g E — g =cC
¢ — ~C [c-env;] N 7 (n) c [fetch,] = — ~(n) ¢ — [i-fetch,] A ~*D3 [fetch-complete]
(¢ €)= (cs€) (&) (n+1)=c (¢ €)(n+1)=¢ cr=c
%mode +D; A +D; = —D3 A —D, [etcheompled
Y%worlds () D1y A Dy = D3 A Dy [fetch-complete]
%total (D) Dy A Dy = Dy A D, [fetchcomplete]
%lemma £, =, A Ea)=8 = E (a)=8 AN S*=8 forsomeS lfetch-complete]
Proof.
[&1]
§ =8 =&, . .. — Duy .
_ k-env* A S’g 0 :S[fetchl] = 87 0 :S[l-fetchl] A B [fetch#-complete]
Sy =(sg, NS8O (5550 §r=s
Dia Dy Do Ds [fetchH- let
_ A - B B A 5 etch#-complete]
£ =&, Eulo)=S Ef)=8 " &=s -
: D12 Dy Dy
< s - - s
St,:fs L =& [kenvi] A Eula) =S [fetch”] = —= bula) =S ~ [ifetch”] A D3 fretehcomplete]
(858u)"=(S"€0) ’ (S5Eu)(at+1)=5"""= (h€)(a+)=8" 7 S*=S§
%mode +D; A +D; = —D3 A —D, [etchcompletc]
%worlds () Dy A Dy = Dy A D, [fetch"complete]
%total (Dg) Dl AN DQ = Dg A D4 [fetch#-complete]
Y%theorem oy1~v00 A G1"=01 = G1~02 A G9¥=09 for some ds [completeness]
Proof.
?212 A Dy - _ D13 o A _ D‘El [fetch-complete]
E*=¢& 5(9):(11"5/’5;/1«) g(g):(t7n/7z/7z;:75/7gli) (t7n/7I/7I;/J,7glvglll)*:(uvg/7g;/1,)
[&1]
D1y
n=I()=g Da12 :
D, \Li,Iu(l):g [44] Ex—¢ (‘:u*:[‘:u los’] Daa D11 Dis D31 Daa
£(g)=(u,E" &) ot N (L T.2,,8.8,) =(9.6.£,) S=8 = n=I)=9 E(g)=(t,n,7.1,€" &) e A (t,n' 7T, £, 60)" = (u,E,6)  §*=5 stater]  [completoness
<g’5’5H,S>M—><u,8’,8L,S> <lan71azﬂa578#a8>*:<ga578H78> <l,n,I,Iu,8,gu,S>M-><t,n',I',I{L,8/,5L,S> <t7nlal-l7l-;lug/’5l:’8>*:<u7‘c"l7‘c",{u8>
(&2]
Do111 D212 Doi12 Da12 Da13
% FVNE: & SN Ilvyy=u E*=€ Er=¢
L, @)=t 1 (w) =u 4] Do12 Do D211 D212 D213 I "(W)=u _ P " (clos?] [
L) =) T E'=E &f=& - Di L=t E=f &g 0 (e T Db b) = E 5 5725 e
— clos* ~ — clos* T = stack
(tu),n,I,Iﬂ,E,gﬂ)*z((t’u’),é‘,gu) S$*=S§ O U <~ - (t,n,I,IH,E,EH)*z(t’,(‘:,(‘:ﬂ) ((u,n,I,Iu,E,Eu) S)*:(u’,é',(‘fu) S :
t’ /’5’5 aS tl7878 ) /a578 =S [lc-app] A ( 5 & o [state*] = tu ,n,I,I 7878 78 t,’I’L,I7I 7578 ) u,n,I,I 7875 =S (i-app] A = = =~ = = [state*] [completeness)
(), &, 8 &)= (1, 60, (0 £,6,)5:5) (), T, T, & € SV = ('), £, E,, S) () w8 S) & wr&:8)5) 1, T €6 (U, T, T, €, 6,) 28V = (H, €, Epy (W, €, E,) 2 S)
[&3]
Da111 Dao1 D212
n+1:7),Z, ~ 5
¢£L++1 ) “t)y=t' " }7212 ~D213 Dot ~D222 17;21111 C*:NC Ex=¢& cenv] ~D213
\I/:fl,l-u()\t):)\t/ i g*:g gll«*:gl" [ClOs*] 5*26 S*:S [Stack*] \I/’I('Ln*:rl ) )7 “(t):tl (675)*:(678) ’ gu*:g" [clos*] ?222
A1, T, L, E,8,) = (W, E,E,) (¢:8) =cuS : Lo - S (t,n+1,(n+1:1),Z,,(5E),E.) =t (6 E), &) S*=S8
AL E Epy i S) s (¢ E),E,,, 8) absl A (W81, 2,8, 80) = (M £.6). stater] = (M, T, L0, E, €0, 6:8) s (1, (n+1:T),T,, (6;€),E,,8) 2] A i it AR Ll Y S R el s [stater] [completeness|
WOE By 5) o 8 (56), 6, 5) N T, Ty, & B 65 8) = (.. £y ) o T T8, G €:8) o 4 1 (b 12 D), T (658), 840 8) om0+ 152), Ly (656),608) = (1 (¢:6). £,.5)
[&4]
D2111 N’DQQ ~D213
L E I () =t/ (L) Doz Do Do Darz ST=8 &= [k-env]
iﬁ’z“(get-contextt):catcht’ YoEr=E  Er=E, (clos™] Da2 ii(I::I“)(t):t/ &= (S,Eu)*:(S;E'M) ’ (clos*] 22
t-context t,n,7,7,,€,£,)" = (catcht', &, T Sr=s Lo C tn,T,(T:1,),€,(S:6)) =€, (S;€ e §r=s
<catcht/’5’gﬂ,g>w<t/,g’(3;gﬂ),g>[k'CatCh] A (ge contexti,n,L,Ly,c, IL)~ ~(C?C s &y H) [stater] = (get-contextt,n,I,IM,E',EM,S>w<t,n,I,(I::IM), ,(S;gu)78>[1.catch] A (,n, a( H)) ’( 1#)) _ (: a( ) H)) [states] [completeness]
(get-contextt,n,Z,7,,£,E,,5)*=(catcht’ £,E,,S) (t,n,Z,(Z:7,),E,(S:E.),S)*=(t",E,(S;€p),S)
D213 Dy D12 D3y [fetch#-complet
5 A = 5 5 A B etch#-complete]
En =&, En(e) =" Enla)=5" sr=s' [&5]
D11 Do112
Zu(a)=T' ii ’I“(t):t’ " ?212 ~17213 Do112 ~77212 ~27213
D4 iﬁ’zﬂ(set_contextat):throwat/ 5 Ex=¢ (c/‘#*:(cl‘# los Dll D12 \Li ’I#(t):t/ EX=E& gp,*:(gll« [clos*] D32
Eula) =8’ Tethrow] A (set-contextat,n,I,Iu,éN',c‘:'u)*:(throwat’,é’,é’u) §* =8 state] = Zu(a)=T' gu(a)zg/ fthrow] A (t,n,I’,Iu,g',éN'H)*:(t’,E,Su) §h=s [state+] [completeness]
(throw at’,&,&,,,S) ~ (t,£,£,,8") (set-context at,n,Z,T,,E,E,,S) = (throw at',£,E,,S) (set-context at,n,Z,Z,,E,E,,8)~ (t,n,T",L,,€,E,,S") t,n, T, L, €€, Sy =tE,E,,S)

%mode +D; A +Dy = —D3 A —Dy [completeness]
%Worlds () Dl A D2 = D3 A D4 [completeness]
%total (D) D1 AN Dy = D3 AN Dy [completeness]




\documentclass{article}
\usepackage{geometry,amsmath,amssymb}
\usepackage{twelf}
\usepackage{kam_ct_2}
\geometry{a0paper}

%%%%%%%%%% Start TeXmacs macros
\newcommand{\cdummy}{\cdot}
\newcommand{\tmop}[1]{\ensuremath{\operatorname{#1}}}
\newcommand{\tmrsub}[1]{\ensuremath{_{\textrm{#1}}}}
\newcommand{\tmrsup}[1]{\ensuremath{^{\textrm{#1}}}}
\newenvironment{proof}{\noindent\textbf{Proof\ }}{\hspace*{\fill}$\Box$\medskip}
%%%%%%%%%% End TeXmacs macros

\begin{document}

\section{First simulation (completeness)}

\subsection{Syntax}

\subsubsection{Index, indices and tables}

{\metadeclrev{{\unary}}{{\metatypedatatype}}}

{\metaname{{\unary}}{n{\hspace{1em}}{\alpha}}}



{\metadeclgrammar{{\unaryZ}}{{\unary}}}

{\metadeclentry{{\unaryS{{\unary}}}}{$\unary$}}



{\metadeclrev{{\unaries}}{{\metatypedatatype}}}

{\metaname{{\unaries}}{{\mathcal{I}}}}



{\metadeclgrammar{{\unariesempty}}{{\unaries}}}

{\metadeclentry{{\unariescons{{\unary}}{{\unaries}}}}{{\unaries}}}



{\metadeclrev{{\itable}}{{\metatypedatatype}}}

{\metaname{{\itable}}{{\mathcal{I}}\tmrsub{{\mu}}}}



{\metadeclgrammar{{\itableempty}}{{\itable}}}

{\metadeclentry{{\itablecons{{\unaries}}{{\itable}}}}{{\itable}}}



\subsubsection{Term}

{\metadeclrev{{\term}}{{\metatypedatatype}}}

{\metaname{{\term}}{t}}



{\metadeclgrammar{{\tvar{{\unary}}}}{{\term}}}

{\metadeclentry{{\tapp{{\termone}}{{\termtwo}}}}{$\term$}}

{\metadeclentry{{\tlam{{\term}}}}{$\term$}}

{\metadeclentry{{\tcatch{{\term}}}}{$\term$}}

{\metadeclentry{{\tthrow{{\unaryalpha}}{{\term}}}}{$\term$}}

{\remark*{Syntax of safe $\lambda_{\tmop{ct}}$-terms:



{\metadeclgrammar{{\tvar{{\unary}}}}{{\term}}}

{\metadeclentry{{\tapp{{\termone}}{{\termtwo}}}}{$\term$}}

{\metadeclentry{{\tlam{{\term}}}}{$\term$}}

{\metadeclentry{{\tcatch{{\term}}}}{$\term$}}

{\metadeclentry{{\tthrow{{\unaryalpha}}{{\term}}}}{$\term$}}}}

\subsection{Subtraction}

{\metadeclrev{{\opminus{{\unaryone}}{{\unarytwo}}{{\unary}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\opminus{n\tmrsub{1}}{{\unaryZ}}{n\tmrsub{1}}}}{minus\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{$\opminus{n_1}{n_2}{n_3}$}{{\opminus{{\metaparen{{\unaryS{n\tmrsub{1}}}}}}{{\metaparen{{\unaryS{n\tmrsub{2}}}}}}{n\tmrsub{3}}}}{minus\tmrsub{2}}}}}



{\metamode{{\opminus{+n\tmrsub{1}}{+n\tmrsub{2}}{-n\tmrsub{3}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\opminus{n\tmrsub{1}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaterminates{{\metaparen{n\tmrsub{1}}}{\hspace{1em}}{\opminus{n\tmrsub{1}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaunique{{\opminus{+n\tmrsub{1}}{+n\tmrsub{2}}{-1n\tmrsub{3}}}}}

\subsubsection{Fetch (indices)}

{\metadeclrev{{\sub{{\unaries}}{{\unaryone}}{{\unarytwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\sub{{\metaparen{{\unariescons{n}{{\mathcal{I}}}}}}}{{\unaryZ}}{n}}}{fetch\tmrsup{{\mathcal{I}}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\sub{{\mathcal{I}}}{n\tmrsub{1}}{n\tmrsub{2}}}}{{\sub{{\metaparen{{\unariescons{n}{{\mathcal{I}}}}}}}{{\unaryS{n\tmrsub{1}}}}{n\tmrsub{2}}}}{fetch\tmrsup{{\mathcal{I}}}\tmrsub{2}}}}}



{\metamode{{\sub{+{\mathcal{I}}}{+n\tmrsub{1}}{-n\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\sub{{\mathcal{I}}}{n\tmrsub{1}}{n\tmrsub{2}}}}}

{\metaterminates{n\tmrsub{1}{\hspace{1em}}{\sub{{\mathcal{I}}}{n\tmrsub{1}}{n\tmrsub{2}}}}}

{\metaunique{{\sub{+{\mathcal{I}}}{+n\tmrsub{1}}{-1n\tmrsub{2}}}}}

\subsubsection{Fetch (table)}

{\metadeclrev{{\tsub{{\itable}}{{\unary}}{{\unaries}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\tsub{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\unaryZ}}{{\mathcal{I}}}}}{fetch\tmrsup{{\mathcal{I}}\tmrsub{{\mu}}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}}}}{{\tsub{{\metaparen{{\itablecons{{\mathcal{I}}'}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\unaryS{{\alpha}}}}{{\mathcal{I}}}}}{fetch\tmrsup{{\mathcal{I}}\tmrsub{{\mu}}}\tmrsub{2}}}}}



{\metamode{{\tsub{+{\mathcal{I}}\tmrsub{{\mu}}}{+{\alpha}}{-{\mathcal{I}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}}}}}

{\metaterminates{{\alpha}{\hspace{1em}}{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}}}}}

{\metaunique{{\tsub{+{\mathcal{I}}\tmrsub{{\mu}}}{+{\alpha}}{-1{\mathcal{I}}}}}}



\subsubsection{Compute}

{\metadeclrev{{\compute{{\unaryone}}{{\unaries}}{{\unarytwo}}{{\unary}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\metahypscomma{{\sub{{\mathcal{I}}}{l}{k}}}{{\opminus{n}{k}{g}}}}}{{\compute{n}{{\mathcal{I}}}{l}{g}}}{compute\tmrsub{1}}}}}



{\metamode{{\compute{+n\tmrsub{1}}{+{\mathcal{I}}}{+n\tmrsub{2}}{-n\tmrsub{3}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\compute{n\tmrsub{1}}{{\mathcal{I}}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaterminates{{\metabraces{}}{\hspace{1em}}{\compute{n\tmrsub{1}}{{\mathcal{I}}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaunique{{\compute{+n\tmrsub{1}}{+{\mathcal{I}}}{+n\tmrsub{2}}{-1n\tmrsub{3}}}}}



\subsection{From local indices to global indices}

{\metadeclrev{{\litogi{{\unaries}}{{\itable}}{{\unary}}{{\termone}}{{\termtwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\compute{n}{{\mathcal{I}}}{l}{g}}}{{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{{\tvar{l}}}{{\tvar{g}}}}{\hspace{33em}}
}{{\downarrow}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{t}{t'}}}{{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{u}{u'}}}}}{{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{{\tapp{t}{u}}}{{\tapp{t'}{u'}}}}{\hspace{28em}}}{{\downarrow}\tmrsub{2}}}}}

{\metadefnleft{{\metarulewhen{{\litogi{{\metaparen{{\unariescons{{\unaryS{n}}}{{\mathcal{I}}}}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\unaryS{n}}}{t}{t'}}}{{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{{\tlam{t}}}{{\tlam{t'}}}}{\hspace{29.8em}}}{{\downarrow}\tmrsub{3}}}}}

{\metadefnleft{{\metarulewhen{{\litogi{{\mathcal{I}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{n}{t}{t'}}}{{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{{\tcatch{t}}}{{\tcatch{t'}}}}{\hspace{7.2em}}}{{\downarrow}\tmrsub{4}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}'}}}{{\litogi{{\mathcal{I}}'}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{t}{t'}}}}}{{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{{\tthrow{{\alpha}}{t}}}{{\tthrow{{\alpha}}{t'}}}}{\hspace{1.6em}}}{{\downarrow}\tmrsub{5}}}}}



{\metamode{{\litogi{+{\mathcal{I}}}{+{\mathcal{I}}\tmrsub{{\mu}}}{+n}{+t}{-t'}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{t}{t'}}}}

{\metaterminates{t{\hspace{1em}}{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{t}{t'}}}}

{\metaunique{{\litogi{+{\mathcal{I}}}{+{\mathcal{I}}\tmrsub{{\mu}}}{+n}{+t}{-1t'}}}}



\subsubsection{Closure, environment and stack}

{\metadeclrev{{\clos}}{{\metatypedatatype}}}{\hspace{7.4em}}{\metaname{{\clos}}{c}}

{\metadeclrev{{\cenv}}{{\metatypedatatype}}}{\hspace{5.4em}}{\metaname{{\cenv}}{{\cenv}}}

{\metadeclrev{{\kenv}}{{\metatypedatatype}}}{\hspace{5.4em}}{\metaname{{\kenv}}{{\kenv}}}

{\metadeclrev{{\stack}}{{\metatypedatatype}}}{\hspace{5.8em}}{\metaname{{\stack}}{{\stack}}}



{\metadeclgrammar{{\closclosure{{\term}}{{\cenv}}{{\kenv}}}}{{\clos}}}



{\metadeclgrammar{{\cenvempty}}{{\cenv}}}

{\metadeclentry{{\cenvcons{{\cenv}}{{\clos}}}}{$\cenv$}}



{\metadeclgrammar{{\kenvempty}}{{\kenv}}}

{\metadeclentry{{\kenvcons{{\kenv}}{{\stack}}}}{{\kenv}}}



{\metadeclgrammar{{\stackempty}}{{\stack}}}

{\metadeclentry{{\stackcons{{\clos}}{{\stack}}}}{$\stack$}}



{\metadeclrev{{\state}}{{\metatypedatatype}}}

{\metaname{{\state}}{{\sigma}}}



{\metadeclgrammar{{\statetriple{{\term}}{{\cenv}}{{\kenv}}{{\stack}}}}{{\state}}}

\subsection{Judgments}

\subsubsection{Fetch a closure}

{\metadeclrev{{\fetch{{\cenv}}{{\unary}}{{\clos}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\fetch{{\cenvcons{{\mathcal{E}}}{c}}}{{\unaryZ}}{c}}}{fetch\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\fetch{{\mathcal{E}}}{n}{c}}}{{\fetch{{\cenvcons{{\mathcal{E}}}{c'}}}{{\unaryS{n}}}{c}}}{fetch\tmrsub{2}}}}}



{\metamode{{\fetch{+{\mathcal{E}}}{+n}{-c}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\fetch{{\mathcal{E}}}{n}{c}}}}

{\metaterminates{{\mathcal{E}}{\hspace{1em}}{\fetch{{\mathcal{E}}}{n}{c}}}}

{\metaunique{{\fetch{+{\mathcal{E}}}{+n}{-1c}}}}

\subsubsection{Fetch a stack}

{\metadeclrev{{\kfetch{{\kenv}}{{\unary}}{{\stack}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\kfetch{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\unaryZ}}{{\mathcal{S}}}}}{fetch\tmrsup{{\mu}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{n}{{\mathcal{S}}}}}{{\kfetch{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}{{\unaryS{n}}}{{\mathcal{S}}}}}{fetch\tmrsup{{\mu}}\tmrsub{2}}}}}



{\metamode{{\kfetch{+{\mathcal{E}}\tmrsub{{\mu}}}{+n}{-{\mathcal{S}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{n}{{\mathcal{S}}}}}}

{\metaterminates{{\mathcal{E}}\tmrsub{{\mu}}{\hspace{1em}}{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{n}{{\mathcal{S}}}}}}

{\metaunique{{\kfetch{+{\mathcal{E}}\tmrsub{{\mu}}}{+n}{-1{\mathcal{S}}}}}}

\subsubsection{Evaluation rules}

{\metadeclrev{{\evaluation{{\stateone}}{{\statetwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\fetch{{\mathcal{E}}}{k}{{\closclosure{t}{{\mathcal{E}}'}{{\mathcal{E}}'\tmrsub{{\mu}}}}}}}{{\evaluation{{\statetriple{{\tvar{k}}}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{E}}'}{{\mathcal{E}}'\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{k{\cdummy}var}}}}

{\metadefnleft{{\metaruleaxiom{}{{\evaluation{{\statetriple{{\metaparen{{\tapp{t}{u}}}}}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\stackcons{{\closclosure{u}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\mathcal{S}}}}}}}}}{k{\cdummy}app}}}}

{\metadefnleft{{\metaruleaxiom{}{{\evaluation{{\statetriple{{\tlam{t}}}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\stackcons{c}{{\mathcal{S}}}}}}}{{\statetriple{t}{{\cenvcons{{\mathcal{E}}}{c}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{k{\cdummy}abs}}}}

{\metadefnleft{{\metaruleaxiom{}{{\evaluation{{\statetriple{{\tcatch{t}}}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{E}}}{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\mathcal{S}}}}}}}{k{\cdummy}catch}}}}

{\metadefnleft{{\metarulewhen{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}'}}}{{\evaluation{{\statetriple{{\tthrow{{\alpha}}{t}}}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}}}{k{\cdummy}throw}}}}



{\metamode{{\evaluation{+{\sigma}\tmrsub{1}}{-{\sigma}\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\evaluation{{\sigma}\tmrsub{1}}{{\sigma}\tmrsub{2}}}}}

{\metaunique{{\evaluation{+{\sigma}\tmrsub{1}}{-1{\sigma}\tmrsub{2}}}}}

\subsection{Abstract machine for safe $\lambda_{\tmop{ct}}$-terms}

\subsubsection{Syntax}

{\metadeclrev{{\iclos}}{{\metatypedatatype}}}

{\metadeclrev{{\icenv}}{{\metatypedatatype}}}

{\metadeclrev{{\ikenv}}{{\metatypedatatype}}}

{\metadeclrev{{\istack}}{{\metatypedatatype}}}

{\metaname{{\iclos}}{\tilde{c}}}

{\metaname{{\icenv}}{\widetilde{{\cenv}}}}

{\metaname{{\ikenv}}{{\ikenv}}}

{\metaname{{\istack}}{\widetilde{{\stack}}}}



{\metadeclgrammar{{\iclosclosure{{\term}}{{\icenv}}{{\unary}}{{\unaries}}{{\itable}}{{\ikenv}}}}{{\iclos}}}



{\metadeclgrammar{{\icenvempty}}{{\icenv}}}

{\metadeclentry{{\icenvcons{{\icenv}}{{\iclos}}}}{{\icenv}}}



{\metadeclgrammar{{\ikenvempty}}{{\ikenv}}}

{\metadeclentry{{\ikenvcons{{\ikenv}}{{\istack}}}}{{\ikenv}}}



{\metadeclgrammar{{\istackempty}}{{\istack}}}

{\metadeclentry{{\istackcons{{\iclos}}{{\istack}}}}{$\istack$}}



{\metadeclrev{{\istate}}{{\metatypedatatype}}}

{\metaname{{\istate}}{\tilde{{\sigma}}}}



{\metadeclgrammar{{\istatetuple{{\term}}{{\icenv}}{{\unary}}{{\unaries}}{{\itable}}{{\ikenv}}{{\istack}}}}{{\istate}}}



\subsubsection{Fetch a closure}

{\metadeclrev{{\ifetch{{\icenv}}{{\unary}}{{\iclos}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\ifetch{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}}}}{{\unaryZ}}{\tilde{c}}}}{i{\cdummy}fetch\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}{{\ifetch{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\unaryS{n}}}{\tilde{c}}}}{i{\cdummy}fetch\tmrsub{2}}}}}



{\metamode{{\ifetch{+\tilde{{\mathcal{E}}}}{+n}{-\tilde{c}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}}

{\metaterminates{\tilde{{\mathcal{E}}}{\hspace{1em}}{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}}

{\metaunique{{\ifetch{+\tilde{{\mathcal{E}}}}{+n}{-1\tilde{c}}}}}

\subsubsection{Fetch a stack}

{\metadeclrev{{\ikfetch{{\ikenv}}{{\unary}}{{\istack}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\ikfetch{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\unaryZ}}{\tilde{{\mathcal{S}}}}}}{i{\cdummy}fetch\tmrsup{{\mu}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{n}{\tilde{{\mathcal{S}}}}}}{{\ikfetch{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}{{\unaryS{n}}}{\tilde{{\mathcal{S}}}}}}{i{\cdummy}fetch\tmrsup{{\mu}}\tmrsub{2}}}}}



{\metamode{{\ikfetch{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{+n}{-\tilde{{\mathcal{S}}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{n}{\tilde{{\mathcal{S}}}}}}}

{\metaterminates{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}{\hspace{1em}}{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{n}{\tilde{{\mathcal{S}}}}}}}

{\metaunique{{\ikfetch{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{+n}{-1\tilde{{\mathcal{S}}}}}}}

\section{Evaluation rules}

{\metadeclrev{{\ievaluation{{\istateone}}{{\istatetwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhenbelow{{\metahypscomma{{\compute{n}{{\mathcal{I}}}{l}{g}}}{{\ifetch{\tilde{{\mathcal{E}}}}{g}{{\iclosclosure{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}}}}}}}{{\ievaluation{{\istatetuple{{\tvar{l}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}}}{i{\cdummy}var}}}}



{\metadefnleft{{\metaruleaxiom{}{{\ievaluation{{\istatetuple{{\metaparen{{\tapp{t}{u}}}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\istackcons{{\iclosclosure{u}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{\tilde{{\mathcal{S}}}}}}}}}}{i{\cdummy}app}}}}



{\metadefnleft{{\metaruleaxiom{}{{\ievaluation{{\istatetuple{{\tlam{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\istackcons{\tilde{c}}{\tilde{{\mathcal{S}}}}}}}}{{\istatetuple{t}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}}}}{{\unaryS{n}}}{{\metaparen{{\unariescons{{\unaryS{n}}}{{\mathcal{I}}}}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}}}{i{\cdummy}abs}}}}



{\metadefnleft{{\metaruleaxiom{}{{\ievaluation{{\istatetuple{{\tcatch{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{\tilde{{\mathcal{S}}}}}}}}{i{\cdummy}catch}}}}



{\metadefnleft{{\metarulewhenbelow{$\metahypscomma{\tsub{\mathcal{I}_{\mu}}{\alpha}{\mathcal{I}'}}{\ikfetch{\tilde{\mathcal{E}}_{\mu}}{\alpha}{\tilde{\mathcal{S}}'}}$}{{\ievaluation{{\istatetuple{{\tthrow{{\alpha}}{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}'}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}}}{i{\cdummy}throw}}}}





{\metamode{{\ievaluation{+{\sigma}\tmrsub{1}}{-{\sigma}\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ievaluation{{\sigma}\tmrsub{1}}{{\sigma}\tmrsub{2}}}}}

{\metaunique{{\ievaluation{+{\sigma}\tmrsub{1}}{-1{\sigma}\tmrsub{2}}}}}

\section{Translation}

{\metadeclrev{{\triclos{{\iclos}}{{\clos}}}}{{\metatypejudgment}}}

{\metadeclrev{{\tristack{{\istack}}{{\stack}}}}{{\metatypejudgment}}}

{\metadeclrev{{\tricenv{{\icenv}}{{\cenv}}}}{{\metatypejudgment}}}

{\metadeclrev{{\trikenv{{\ikenv}}{{\kenv}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\metahypscomma{{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{t}{u}}}{{\metahypscomma{{\tricenv{\tilde{{\mathcal{E}}}}{{\mathcal{E}}}}}{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}}}{{\triclos{{\iclosclosure{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{{\closclosure{u}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{clos\tmrsup{{\star}}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\tristack{{\istackempty}}{{\stackempty}}}}{stack\tmrsup{{\star}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\triclos{\tilde{c}}{c}}}{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}}}{{\tristack{{\metaparen{{\istackcons{\tilde{c}}{\tilde{{\mathcal{S}}}}}}}}{{\stackcons{c}{{\mathcal{S}}}}}}}{stack\tmrsup{{\star}}\tmrsub{2}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\tricenv{{\icenvempty}}{{\cenvempty}}}}{c{\cdummy}env\tmrsup{{\star}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\triclos{\tilde{c}}{c}}}{{\tricenv{\tilde{{\mathcal{E}}}}{{\mathcal{E}}}}}}}{{\tricenv{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}}}}{{\cenvcons{{\mathcal{E}}}{c}}}}}{c{\cdummy}env\tmrsup{{\star}}\tmrsub{2}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\trikenv{{\ikenvempty}}{{\kenvempty}}}}{k{\cdummy}env\tmrsup{{\star}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{{\trikenv{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{k{\cdummy}env\tmrsup{{\star}}\tmrsub{2}}}}}



{\metamode{\\
{\hspace{2em}}{\triclos{+\tilde{c}}{-c}}\\
{\hspace{2em}}{\tristack{+\tilde{{\mathcal{S}}}}{-{\mathcal{S}}}}\\
{\hspace{2em}}{\tricenv{+\tilde{{\mathcal{E}}}}{-{\mathcal{E}}}}\\
{\hspace{2em}}{\trikenv{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{-{\mathcal{E}}\tmrsub{{\mu}}}}}}



{\metaworlds{{\metaparen{}}\\
{\hspace{2em}}{\triclos{\tilde{c}}{c}}\\
{\hspace{2em}}{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}\\
{\hspace{2em}}{\tricenv{\tilde{{\mathcal{E}}}}{{\mathcal{E}}}}\\
{\hspace{2em}}{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}



{\metaterminates{{\metaparen{\tilde{c}{\hspace{1em}}\tilde{{\mathcal{S}}}{\hspace{1em}}\tilde{{\mathcal{E}}}{\hspace{1em}}\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\triclos{\tilde{c}}{c}}\\
{\hspace{2em}}{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}\\
{\hspace{2em}}{\tricenv{\tilde{{\mathcal{E}}}}{{\mathcal{E}}}}\\
{\hspace{2em}}{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}



{\metaunique{\\
{\hspace{2em}}{\triclos{+\tilde{c}}{-1c}}\\
{\hspace{2em}}{\tristack{+\tilde{{\mathcal{S}}}}{-1{\mathcal{S}}}}\\
{\hspace{2em}}{\tricenv{+\tilde{{\mathcal{E}}}}{-1{\mathcal{E}}}}\\
{\hspace{2em}}{\trikenv{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{-1{\mathcal{E}}\tmrsub{{\mu}}}}}}



{\metadeclrev{{\tristate{{\istate}}{{\state}}}}{{\metatypejudgment}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\triclos{{\iclosclosure{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{{\closclosure{u}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}}}{{\tristate{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\statetriple{u}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{state\tmrsup{{\star}}}}}}



{\metamode{{\tristate{+\tilde{{\sigma}}}{-{\sigma}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\tristate{\tilde{{\sigma}}}{{\sigma}}}}}

{\metaunique{{\tristate{+\tilde{{\sigma}}}{-1{\sigma}}}}}

\section{Completeness}

{\metadeclrev{{\simfetch{{\tricenv{\tilde{{\mathcal{E}}}}{{\mathcal{E}}}}}{{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}{{\triclos{\tilde{c}}{c}}{\hspace{1em}}{\metacomment{for
some \widetilde{$c$}}}}{{\fetch{{\mathcal{E}}}{n}{c}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\simfetch{{\metarule{{\metahyps{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\tricenv{\tilde{{\mathcal{E}}}}{{\mathcal{E}}}}}{{\metawildcarddots}}}}}}{{\tricenv{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}}}}{{\cenvcons{{\mathcal{E}}}{c}}}}}{c{\cdummy}env\tmrsup{{\star}}\tmrsub{2}}}}{{\metaruleaxiom{}{{\ifetch{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}}}}{{\unaryZ}}{\tilde{c}}}}{i{\cdummy}fetch\tmrsub{1}}}}{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaruleaxiom{}{{\fetch{{\cenvcons{{\mathcal{E}}}{c}}}{{\unaryZ}}{c}}}{fetch\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  
  
  {\metadefnleft{{\metarule{{\simfetch{{\metaterm{{\tricenv{\tilde{{\mathcal{E}}}}{{\mathcal{E}}}}}{{\mathcal{D}}\tmrsub{12}}}}{{\metaterm{{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}{{\mathcal{D}}\tmrsub{2}}}}{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metaterm{{\fetch{{\mathcal{E}}}{n}{c}}}{{\mathcal{D}}\tmrsub{4}}}}}}{{\simfetch{{\metarule{{\metahyps{{\metaterm{{\triclos{\tilde{c}'}{c'}}}{{\metawildcarddots}}}}{{\metaterm{{\tricenv{\tilde{{\mathcal{E}}}}{{\mathcal{E}}}}}{{\mathcal{D}}\tmrsub{12}}}}}}{{\tricenv{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\cenvcons{{\mathcal{E}}}{c'}}}}}{c{\cdummy}env\tmrsup{{\star}}\tmrsub{2}}}}{{\metarule{{\metaterm{{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}{{\mathcal{D}}\tmrsub{2}}}}{{\ifetch{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\unaryS{n}}}{\tilde{c}}}}{i{\cdummy}fetch\tmrsub{2}}}}{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metarule{{\metaterm{{\fetch{{\mathcal{E}}}{n}{c}}}{{\mathcal{D}}\tmrsub{4}}}}{{\fetch{{\cenvcons{{\mathcal{E}}}{c'}}}{{\unaryS{n}}}{c}}}{fetch\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  
  
  {\metamode{{\simfetch{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{3}}{-{\mathcal{D}}\tmrsub{4}}{+{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\simfetch{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{2}}}{\hspace{1em}}{\simfetch{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}

{\metadeclrev{{\simkfetch{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\alpha}}{\tilde{{\mathcal{S}}}}}}{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}{\hspace{1em}}{\metacomment{for
some
\widetilde{$\mathcal{S}$}}}}{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\simkfetch{{\metarule{{\metahyps{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\metawildcarddots}}}}}}{{\trikenv{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{k{\cdummy}env\tmrsup{{\star}}\tmrsub{2}}}}{{\metaruleaxiom{}{{\ikfetch{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\unaryZ}}{\tilde{{\mathcal{S}}}}}}{i{\cdummy}fetch\tmrsup{{\mu}}\tmrsub{1}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaruleaxiom{}{{\kfetch{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\unaryZ}}{{\mathcal{S}}}}}{fetch\tmrsup{{\mu}}\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  
  
  {\metadefnleft{{\metarule{{\simkfetch{{\metaterm{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}{{\metaterm{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\alpha}}{\tilde{{\mathcal{S}}}}}}{{\mathcal{D}}\tmrsub{2}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metaterm{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{4}}}}}}{{\simkfetch{{\metarule{{\metahyps{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}'}{{\mathcal{S}}'}}}{{\metawildcarddots}}}}{{\metaterm{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}}}{{\trikenv{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}}}{k{\cdummy}env\tmrsup{{\star}}\tmrsub{2}}}}{{\metarule{{\metaterm{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\alpha}}{\tilde{{\mathcal{S}}}}}}{{\mathcal{D}}\tmrsub{2}}}}{{\ikfetch{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}{{\unaryS{{\alpha}}}}{\tilde{{\mathcal{S}}}}}}{i{\cdummy}fetch\tmrsup{{\mu}}\tmrsub{2}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metarule{{\metaterm{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{4}}}}{{\kfetch{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}{{\unaryS{{\alpha}}}}{{\mathcal{S}}}}}{fetch\tmrsup{{\mu}}\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  
  
  {\metamode{{\simkfetch{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{3}}{-{\mathcal{D}}\tmrsub{4}}{+{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\simkfetch{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{2}}}{\hspace{1em}}{\simkfetch{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}

{\metadeclrev{{\simulation{{\ievaluation{\tilde{{\sigma}}\tmrsub{1}}{\tilde{{\sigma}}\tmrsub{2}}}}{{\tristate{\tilde{{\sigma}}\tmrsub{1}}{{\sigma}\tmrsub{1}}}}{{\tristate{\tilde{{\sigma}}\tmrsub{2}}{{\sigma}\tmrsub{2}}}{\hspace{1em}}{\metacomment{for
some
$\tilde{\sigma}_2$}}}{{\evaluation{{\sigma}\tmrsub{1}}{{\sigma}\tmrsub{2}}}}}}{{\metatypetheorem}}}

\begin{proof}
  
  
  {\metadefnleft{{\metarule{{\simfetch{{\metaterm{{\tricenv{\tilde{{\mathcal{E}}}}{{\mathcal{E}}}}}{{\mathcal{D}}\tmrsub{212}}}}{{\metaterm{{\ifetch{\tilde{{\mathcal{E}}}}{g}{{\iclosclosure{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}}}}}{{\mathcal{D}}\tmrsub{13}}}}{{\metaterm{{\triclos{{\iclosclosure{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}}}{{\closclosure{u}{{\mathcal{E}}'}{{\mathcal{E}}'\tmrsub{{\mu}}}}}}}{{\mathcal{D}}\tmrsub{31}}}}{{\metaterm{{\fetch{{\mathcal{E}}}{g}{{\closclosure{u}{{\mathcal{E}}'}{{\mathcal{E}}'\tmrsub{{\mu}}}}}}}{{\mathcal{D}}\tmrsub{4}}}}}}{{\simulation{{\metarule{{\metahyps{{\metaterm{{\compute{n}{{\mathcal{I}}}{l}{g}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\ifetch{\tilde{{\mathcal{E}}}}{g}{{\iclosclosure{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}}}}}{{\mathcal{D}}\tmrsub{13}}}}}}{{\ievaluation{{\istatetuple{{\tvar{l}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}}}{i{\cdummy}var}}}{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metarule{{\metaterm{{\compute{n}{{\mathcal{I}}}{l}{g}}}{{\mathcal{D}}\tmrsub{11}}}}{{\litogi{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{n}{{\tvar{l}}}{{\tvar{g}}}}}{{\downarrow}\tmrsub{1}}}}{{\metahyps{{\metaterm{{\tricenv{\tilde{{\mathcal{E}}}}{{\mathcal{E}}}}}{{\mathcal{D}}\tmrsub{212}}}}{{\metaterm{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\metawildcarddots}}}}}}}}{{\triclos{{\iclosclosure{{\tvar{l}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{{\closclosure{{\tvar{g}}}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{clos\tmrsup{{\star}}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{22}}}}}}{{\tristate{{\istatetuple{{\tvar{l}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\statetriple{{\tvar{g}}}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{state\tmrsup{{\star}}}}}{{\metarule{{\metahyps{{\metaterm{{\triclos{{\iclosclosure{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}}}{{\closclosure{u}{{\mathcal{E}}'}{{\mathcal{E}}'\tmrsub{{\mu}}}}}}}{{\mathcal{D}}\tmrsub{31}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{22}}}}}}{{\tristate{{\istatetuple{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\statetriple{u}{{\mathcal{E}}'}{{\mathcal{E}}'\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{state\tmrsup{{\star}}}}}{{\metarule{{\metaterm{{\fetch{{\mathcal{E}}}{g}{{\closclosure{u}{{\mathcal{E}}'}{{\mathcal{E}}'\tmrsub{{\mu}}}}}}}{{\mathcal{D}}\tmrsub{4}}}}{{\evaluation{{\statetriple{{\tvar{g}}}{{\mathcal{E}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{u}{{\mathcal{E}}'}{{\mathcal{E}}'\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{k{\cdummy}var}}}}}{\&1}}}}
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