
1 Simply typed λ-calculus

1.1 Syntax

1.1.1 Types

type : type.

nat : type.

⊔→⊔ : type → type → type.

1.1.2 Terms

term : type.

0 : term.

rec : term.

⊔ : ident → term.

⊔ ⊔ : term → term → term.

λ⊔ : ⊔ .⊔ : ident → type → term → term.

let x: τ = u in t = (λx: τ .t)u.
rec(t1, t2, t3) = (rec t1 t2 t3).

1.1.3 Contexts

cxt : type.

{} : cxt.

⊔ ,⊔ : ⊔ : cxt → ident → type → cxt.
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1.2 Lookup

⊔ : ⊔∈⊔ : ident → type → cxt → type.

x: τ ∈Γ, x: τ
[lookup_1]

x: τ ∈Γ x� x′

x: τ ∈Γ, x′: τ ′
[lookup_2]

1.3 Typing judgment

⊔⊢⊔ : ⊔ : cxt → term → type → type.

Γ⊢0:nat [of_zero]

Γ⊢ rec:nat→ τ→ (nat→ τ→ τ )→ τ [of_rec]

x: τ ∈Γ

Γ⊢ x: τ
[of_var]

Γ, x: τ ⊢ t: τ ′

Γ⊢λx: τ.t: τ→ τ ′
[of_lam]

Γ⊢ t1: τ→ τ ′ Γ⊢ t2: τ

Γ⊢ t1 t2: τ ′
[of_app]

1.3.1 Derived rule for the rec macro
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Γ⊢ t1:nat
∧

Γ⊢ t2: τ
∧

Γ⊢ t3: (nat→ τ→ τ) � Γ⊢ rec(t1, t2, t3): τ : type.

Dof1

Γ⊢ t1:nat

∧ Dof2

Γ⊢ t2: τ

∧ Dof3

Γ⊢ t3: (nat→ τ→ τ )

� Γ⊢ rec:nat→ τ→ (nat→ τ→ τ )→ τ
[of_rec]

Dof1

Γ⊢ t1:nat

Γ⊢ rec t1: τ→ (nat→ τ→ τ )→ τ
[of_app]

Dof2

Γ⊢ t2: τ

Γ⊢ rec t1 t2: (nat→ τ→ τ )→ τ
[of_app]

Dof3

Γ⊢ t3: (nat→ τ→ τ )

Γ⊢ rec(t1, t2, t3): τ
[o

%mode +Dof1

∧
+Dof2

∧
+Dof3 � −Drec

%worlds () Dof1

∧
Dof2

∧
Dof3 � Drec

%total {} Dof1

∧
Dof2

∧
Dof3 � Drec
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\section{Simply typed $\lambda$-calculus}

\subsection{Syntax}

\subsubsection{Types}



{\metadecl{{\tp}}{{\metatype}}}



{\metadecl{{\nat}}{{\tp}}}

{\metadecl{{\arrow{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tp}}{{\metaimp{{\tp}}{{\tp}}}}}}}



\subsubsection{Terms}



{\metadecl{{\tm}}{{\metatype}}}



{\metadecl{{\zero}}{{\tm}}}

{\metadecl{{\rec}}{{\tm}}}

{\metadecl{{\tmvar{{\metawildcard}}}}{{\metaimp{{\ident}}{{\tm}}}}}

{\metadecl{{\app{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\tm}}{{\tm}}}}}}}

{\metadecl{{\lam{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\ident}}{{\metaimp{{\tp}}{{\metaimp{{\tm}}{{\tm}}}}}}}}}



{\metaabbrev{{\letv{x}{{\tau}}{u}{t}}}{{\app{{\metaparen{{\lam{x}{{\tau}}{t}}}}}{u}}}}

{\metaabbrev{{\recm{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}{{\metaparen{{\app{{\app{{\app{{\rec}}{t\tmrsub{1}}}}{t\tmrsub{2}}}}{t\tmrsub{3}}}}}}}



\subsubsection{Contexts}



{\metadecl{{\cxt}}{{\metatype}}}



{\metadecl{{\cxtempty}}{{\cxt}}}

{\metadecl{{\cxtcons{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\cxt}}{{\metaimp{{\ident}}{{\metaimp{{\tp}}{{\cxt}}}}}}}}}



\subsection{Lookup}



{\metadecl{{\lookup{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\ident}}{{\metaimp{{\tp}}{{\metaimp{{\cxt}}{{\metatype}}}}}}}}}



{\metadefn{{\metarule{}{{\lookup{x}{{\tau}}{{\cxtcons{{\Gamma}}{x}{{\tau}}}}}}{lookup\_1}}}}





{\metadefn{{\metarule{{\metahyps{{\lookup{x}{{\tau}}{{\Gamma}}}}{{\identneq{x}{x'}}}}}{{\lookup{x}{{\tau}}{{\cxtcons{{\Gamma}}{x'}{{\tau}'}}}}}{lookup\_2}}}}



\subsection{Typing judgment}



{\metadecl{{\typing{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\cxt}}{{\metaimp{{\tm}}{{\metaimp{{\tp}}{{\metatype}}}}}}}}}



{\metadefn{{\metarulezero{}{{\typing{{\Gamma}}{{\zero}}{{\nat}}}}{of\_zero}}}}



{\metadefn{{\metarulezero{}{{\typing{{\Gamma}}{{\rec}}{{\arrow{{\nat}}{{\arrow{{\tau}}{{\arrow{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}{{\tau}}}}}}}}}}{of\_rec}}}}



{\metadefn{{\metarule{{\lookup{x}{{\tau}}{{\Gamma}}}}{{\typing{{\Gamma}}{{\tmvar{x}}}{{\tau}}}}{of\_var}}}}





{\metadefn{{\metarule{{\typing{{\cxtcons{{\Gamma}}{x}{{\tau}}}}{t}{{\tau}'}}}{{\typing{{\Gamma}}{{\lam{x}{{\tau}}{t}}}{{\arrow{{\tau}}{{\tau}'}}}}}{of\_lam}}}}





{\metadefn{{\metarule{{\metahyps{{\typing{{\Gamma}}{t\tmrsub{1}}{{\arrow{{\tau}}{{\tau}'}}}}}{{\typing{{\Gamma}}{t\tmrsub{2}}{{\tau}}}}}}{{\typing{{\Gamma}}{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{of\_app}}}}





\subsubsection{Derived rule for the rec macro}



{\metadecl{{\recderived{{\typing{{\Gamma}}{t\tmrsub{1}}{{\nat}}}}{{\typing{{\Gamma}}{t\tmrsub{2}}{{\tau}}}}{{\typing{{\Gamma}}{t\tmrsub{3}}{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}}}{{\typing{{\Gamma}}{{\recm{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}{{\tau}}}}}}{{\metatype}}}





{\metadefn{{\metarulezero{}{{\recderived{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{1}}{{\nat}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{2}}{{\tau}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{3}}{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}}}{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metarule{}{{\typing{{\Gamma}}{{\rec}}{{\arrow{{\nat}}{{\arrow{{\tau}}{{\arrow{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}{{\tau}}}}}}}}}}{of\_rec}}}{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{1}}{{\nat}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}}}{{\typing{{\Gamma}}{{\app{{\rec}}{t\tmrsub{1}}}}{{\arrow{{\tau}}{{\arrow{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}{{\tau}}}}}}}}{of\_app}}}{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{2}}{{\tau}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}}}{{\typing{{\Gamma}}{{\app{{\app{{\rec}}{t\tmrsub{1}}}}{t\tmrsub{2}}}}{{\arrow{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}{{\tau}}}}}}{of\_app}}}{{\metaterm{{\typing{{\Gamma}}{t\tmrsub{3}}{{\metaparen{{\arrow{{\nat}}{{\arrow{{\tau}}{{\tau}}}}}}}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}}}}}{{\typing{{\Gamma}}{{\recm{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}{{\tau}}}}{of\_app}}}}}{\&}}}}





{\metamode{{\recderived{+{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{+{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{+{\mathcal{D}}\tmrsub{of\tmrsub{3}}}{-{\mathcal{D}}\tmrsub{rec}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\recderived{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}{{\mathcal{D}}\tmrsub{rec}}}}}

{\metatotal{{\metabraces{}}{\hspace{1em}}{\recderived{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}{{\mathcal{D}}\tmrsub{rec}}}}}
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